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The assessment of the concentration polarization in pressure-driven membrane mod-
ules is fundamental for their design and optimization. To account for the suction effect in
nanofiltration (NF)/reverse osmosis (RO) membrane modules, a correction factor for
conventional mass-transfer coefficients at vanishing mass-transfer rates was obtained
through computational fluid dynamics (CFD) simulations of a symmetrical NF/RO rect-
angular channel with fully developed laminar flow, for a wide range of operating
conditions. The correction factor is defined as � � Sh/Sh0, where Sh is the Sherwood
number with suction and Sh0 is the Sherwood number for impermeable walls and low
mass-transfer rates. For the range of dimensionless numbers assigned in the simulations,
it was found by fitting of CFD data that � depends only on � � Pe/Sh0, through the
correlation � � � � (1 � 0.26�1.4)�1.7, where Pe is the permeation Peclet number. This
correlation can be used to predict the average concentration polarization index, �� �
R/(�/� � R), where R is the intrinsic rejection, with an average relative error of 3.2%.
The correlation obtained appears to be suitable to determine mass-transfer coefficients at
high mass-transfer rates, independently of the membrane module geometry and the flow
regime. Moreover, unlike the correction factor correlations available in the literature, the
generalized correlation accurately predicts the concentration polarization index for � �
20. © 2006 American Institute of Chemical Engineers AIChE J, 52: 3353–3362, 2006
Keywords: computational fluid dynamics (CFD), concentration polarization index, mass-
transfer correction factor, NF/RO membrane modules, suction

Introduction

It is well known that the prediction of the solute concentra-
tion at the membrane surface is a fundamental step in the
design, control, and optimization of pressure-driven membrane
modules. The simplest and yet most useful methodology for
such a purpose is based on film theory.1-3 Film theory is
appealing from the designer’s perspective because it is simple
and makes use of well-known mass-transfer correlations. How-
ever, the latter were determined for systems with identical
geometries but impermeable walls and low mass-transfer rates,
and it has been argued that for pressure-driven membrane

modules, the hydraulic permeabilities are too high to rely on
mass-transfer coefficients at low mass-transfer rates.4-6 Mean-
while, it has been shown7-9 that film theory is suitable for
predicting the concentration polarization index for small in-
dexes and a tight range of nanofiltration (NF)/reverse osmosis
(RO) operating conditions. However, the validity range of film
theory has not been clearly defined and no extended simple
correlation has been proposed so far.

The prediction of the concentration polarization index for
typical operating conditions in NF/RO membrane modules has
been accomplished by computational fluid dynamics.10-12 Nev-
ertheless, the complexity, time consumption, and large amount
of generated data associated with computational fluid dynamics
(CFD) makes difficult its direct use for predicting the concen-
tration polarization index in expedited module design, control,
and optimization. An alternative and more efficient use of CFD
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is to predict the concentration polarization index and mass-
transfer coefficients for a broad range of typical operating
conditions and subsequently to determine dimensionless mass-
transfer correlations.

In the present work, CFD was used to predict the velocity
and concentration profiles in a rectangular slit with fully de-
veloped laminar flow of binary solutions along two parallel
semipermeable membranes, for a broad range of typical
NF/RO operating conditions. A correction factor to account for
the suction effect on conventional mass-transfer coefficients
was determined from each simulation and a generalized
semiempirical correlation was fitted to CFD data.

This work shows that the concentration polarization index
can be simply predicted by correcting the mass-transfer coef-
ficients at low mass-transfer rates, through a generalized cor-
rection factor that depends only on the ratio Pe/Sh0, where Pe
is the permeation Peclet number and Sh0 is the Sherwood
number at impermeable walls and low mass-transfer rates. This
mass-transfer correction factor predicts the concentration po-
larization data available in the literature for similar conditions
and it also appears suitable for tubular and radial geometries
and turbulent flow, as well.

Theory

Let us assume that a pressurized binary solution bearing a
given mass concentration of solute A, �A0, flows along a mem-
brane module channel with arbitrary geometry (Figure 1).
Assuming that the water recovery rate is low, the thickness of
the concentration boundary layer is much smaller than the
channel height, and thus the bulk concentration of solute A
along the channel remains nearly constant (��A0). The solvent
B permeates preferentially through the membrane, whereas the
solute A is partially or completely retained. Thereupon, the
buildup of a concentration distribution of solute A occurs at the
membrane vicinity, the mass concentration of A at the mem-
brane surface, �Am, being higher than �A0. Neglecting end
effects, the concentration profile developed at the membrane
vicinity depends only on the distance to the channel inlet and
the distance to the membrane surface. Figure 1 depicts the mass
transfer and the concentration profile of solute A in the feed
channel of a membrane module, at an arbitrary distance from
the inlet. On the other hand, there is no resistance to the

transport of solute A across the membrane, that is, unhindered
transport is assumed.

The membrane selectivity may be assessed by the intrinsic
rejection R, which is assumed to be independent of x, and/or the
average observed rejection Robs,* the definitions of which are

R � ��Am � �Ap	/�Am � ��� Am � �� Ap	/�� Am (1)

Robs � ��A0 � �� Ap	/�A0 (2)

where �� Am and �� Ap are the permeate flux averages of the mass
concentration of A at the membrane surface and in the permeate
stream, respectively (see Appendix A, Eqs. A3 and A4). Ob-
viously, the average observed rejection is lower than the in-
trinsic rejection.

On the other hand, the concentration polarization may be
assessed by the average concentration polarization index:

�� � ��� Am � �A0	/�A0 (3)

Combining Eqs. 1–3 yields a relation between R, Robs, and
�� :

�� �
R � Robs

1 � R
(4)

Bearing in mind that the mass concentration of solute A at
the membrane surface varies in the x-direction, it is convenient
to define an average mass-transfer coefficient k�:

j�Am � �k����Am � �A0	 (5)

where j�Am is the permeate flux-average back-diffusion flux of
solute A normal to the membrane surface between x � 0 and
x � L, given by (see Appendix A, Eq. A5)

j�Am � �J�v���Am � ��Ap	 (6)

where J� v is the average permeate flux. Equating Eqs. 5 and 6
leads to the expression of the average mass-transfer coefficient:

k� � J� v

��� Am � �� Ap	

��� Am � �A0	
(7)

and by multiplying both terms of Eq. 7 by h/DAB, where h is a
characteristic length and DAB is the mass diffusivity, the fol-
lowing equation is obtained:

Sh � Pe
���Am � ��Ap	

���Am � �A0	
(8)

where Sh � k�h/DAB is the average Sherwood number and
Pe � J� vh/DAB is the average permeation Peclet number. Com-
bining Eqs. 2, 3, and 8, leads to

* The local observed rejection varies in the x-direction as a result of the variation
of �Ap.

Figure 1. Mass transport of solute A and solvent B at the
vicinity of a semipermeable membrane.
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�� �
Robs

Sh/Pe � 1
(9)

Because the intrinsic rejection is assumed to be independent
of x, the permeate flux-average mass concentration of A in the
permeate stream, �� Ap, is given by Eq. 1:

�� Ap � �1 � R	�� Am (10)

By combining Eqs. 3, 8, and 10 and rearranging, the follow-
ing equation is obtained:

�� �
R

Sh/Pe � R
(11)

To develop physically consistent Sh correlations, it is essen-
tial to analyze the structure of Eqs. 9 and 11. According to Eq.
9, the ratio Sh/Pe must be 
1 such that the concentration
polarization indexes are not negative. On the other hand, as the
permeation Peclet number increases, �� Am increases, and given
that R is assumed to be constant, �� Ap increases, and thus Robs

decreases. When Pe becomes very large, Robs vanishes and the
concentration polarization index �� reaches a maximum: �� max

� R/(1 � R) (see Eq. 4). Therefore, Eq. 11 requires that Sh/Pe
3 1 as Pe 3 �. Besides these two restrictions of Sh/Pe,
another one results from the fact that the Sherwood number
becomes independent of the permeation velocity (and therefore
of Pe), for low mass-transfer rates (low Pe) at the membrane
surface.13 Defining Sh0 as the Sherwood number for vanishing
mass-transfer rates at the membrane surface, Sh 3 Sh0 as Pe
3 0. A postulated correlation that satisfies the aforementioned
restrictions is

Sh � Pe �
Sh0

�1 � ��Pe/Sh0	
c1
(12)

where c1 is a positive fitting parameter and � is a function that
satisfies the asymptotic conditions � 3 0 as Pe 3 0 and � 3
� as Pe 3 �. An appropriate function, � � c2(Pe/Sh0)c3, with
positive fitting parameters c2 and c3, was selected by trial and
error. By defining � � Pe/Sh0 and � � Sh/Sh0 as the correc-
tion factor for Sh0 to obtain Sh at high mass-transfer rates (that
is, to take into account the effect of suction in NF/RO systems),
the following equation is obtained after dividing Eq. 12 by Sh0:

� � � �
1

�1 � ���	
c1

� � �
1

�1 � c2�
c3	c1

(13)

Thereby, the average Sherwood number for a given mem-
brane module consists of the product of Sh0 by the correction
factor �(�). Once Sh0 and �(�) are known, the concentration
polarization index can easily be determined by

�� �
R

�/� � R
(14)

Case Study

The reverse osmosis/nanofiltration system studied is sche-
matically shown in Figure 2. A binary solution under pressure
P0, bearing a given mass concentration �A0, and osmotic pres-
sure �0, flows in steady fully developed laminar regime inside
a channel of height h and length L, formed by two flat parallel
identical membranes, the intrinsic rejection of which is as-
sumed to be independent of x. The physical properties of the
binary solution are assumed to be constant and the osmotic
pressure � is assumed to be proportional to the solute mass
concentration, that is, � � b�A. The pure water hydraulic
permeability is Lp. The transmembrane pressure �P is assumed
to be constant along the channel, given that the pressure drop
for laminar flow along short channels is negligible. Because the
channel height is much smaller than its width, the velocity
distribution inside the channel is two-dimensional. At the chan-
nel inlet, the velocity profile u(y) is assumed to be parabolic,
the average velocity being u0.

For this system, the continuity, Navier–Stokes, and solute
continuity equations are

�u

� x
�

�v
� y

� 0 (15)

��u
�u

� x
� v

�u

� y� � �
�P

�x
� 	��2u

�x2 �
�2u

�y2� (16)

��u
�v
� x

� v
�v
� y� � �

�P

�y
� 	��2v

�x2 �
�2v
�y2� (17)

u
��A

� x
� v

��A

� y
� DAB��2�A

� x2 �
�2�A

� y2 � (18)

and the boundary conditions are
● at y � h/2 and x 
 0

u � 0 v � Jv � Lp��P � b�AmR	

DAB��A/� y � Jv�AmR (19a,b,c)

● at y � 0 and x 
 0

�u/� y � 0 v � 0 ��A/� y � 0 (20a,b,c)

Figure 2. Thin rectangular channel formed by two flat
parallel identical NF/RO membranes.

AIChE Journal October 2006 Vol. 52, No. 10 Published on behalf of the AIChE DOI 10.1002/aic 3355



● at x � 0 and 0 � y � h/2

u �
3

2
u0�1 � �2y/h	2
 v � 0 �A � �A0 P � P0

(21a,b,c,d)

● at x � L and 0 � y � h/2

�u/� x � 0 �v/� x � 0 ��A/� x � 0 (22a,b,c)

Equations 22a–22c are typical outflow boundary conditions
for parabolic flows that are widely used in the literature.14 The
flow is parabolic at the outlet because the flow is already fully
developed at the channel entrance and the permeation velocity
is several orders of magnitude lower than the longitudinal
velocity. Equations 22a and 22c are further discussed in the
next section.

The dimensionless analysis presented in Appendix B
shows that the dimensionless mass concentration of solute A
at the membrane surface (y* � �1/2) depends on R, x*
(dimensionless distance to the channel inlet), Re � �u0h/	
(Reynolds number at the channel inlet), Sc � 	/(�DAB)
(Schmidt number), �J � Lp�P/u0 (dimensionless pure water
flux), and �P � �0/�P (dimensionless osmotic pressure).
Thus, the average concentration polarization index and the
average Sherwood number (Eqs. 3 and 8) between x* � 0
and x* � L/h are also correlated with these dimensionless
numbers, that is, both �� and Sh are functions of R, L/h, Re,
Sc, �J, and �P.

CFD numerical method

The transport equations (Eqs. 15–18), together with suit-
able boundary conditions (Eqs. 19 –22), were solved by the
control volume approach, using the SIMPLE algorithm to
deal with the pressure–velocity coupling.14 The bulk flow
terms in the transport equations were discretized using the
hybrid scheme, which switches between the upwind and the
central differences schemes depending on the local grid
Peclet number. The algebraic equations generated by the
control volume integration were solved by the tridiagonal
matrix algorithm.14 A structured grid containing 75 nodes in
the x-direction and 75 nodes in the y-direction were found to
be fine enough to yield grid independent results. The grid
density was higher near the membrane surface where steeper
concentration gradients occur.

Given that the flow is parabolic at the outlet, the variables

at this boundary do not affect the upstream variables. In the
numerical method, the velocities and the concentration at the
outlet are equal to the corresponding values in the last
column of nodes, and a small correction is made on u and �A

to take into account the permeation through the membrane
and close the overall mass balances. Thus, the derivatives
�u/�x and ��A/�x in Eqs. 22a and 22c are only approximately
null.

The CFD numerical method was described in detail else-
where.15 That work showed that the CFD predictions of the
velocities distributions and the average concentration polariza-
tion index in an NF rectangular slit with fully developed
laminar flow and constant permeation flux agreed with bench-
mark theoretical solutions of Benman16and Sherwood et al.,1

respectively. Furthermore, the predicted rejections matched the
experimental (observed) rejections of sodium chloride solu-
tions.15

CFD simulations design

The CFD simulations were carried out for all combina-
tions of the dimensionless numbers listed in Table 1, in a
total number of 15,120. The Schmidt numbers assigned in
the CFD simulations (300 –3000) are typical of aqueous
solutions of inorganic salts and organic compounds of mo-
lecular weights in the range 300 –1000 Dalton. The highest
Reynolds number assigned (1000) is lower than the critical
Reynolds number for steady laminar flow of Newtonian
fluids in thin rectangular channels (1400).17 The dimension-
less distance to the channel inlet, L/h, ranged from 3 to 300,
values typical of distinct types of feed channels. The dimen-
sionless numbers R and �P ranged from 0.1 to 1.0 and 0.0
to 0.9, respectively. The dimensionless number �J was
limited by the maximum inlet permeation Reynolds number,
Rep0 � �hJv0/	, and the maximum water recovery rate
(based on the inlet permeation flux), �0 � 2Jv0L/(u0h). The
maximum inlet permeation Reynolds number is determined
by the membrane structure, whereas the maximum water
recovery rate is determined by the membrane structure, as
well as the crossflow velocity inside the channel and the

Table 1. Dimensionless Numbers Assigned in the CFD
Simulations

Sc Re L/h R �P �J/�J,max

300 30 3 0.10 0.0 0.003
1000 100 10 0.50 0.01 0.01
3000 300 30 0.90 0.03 0.03

1000 100 0.97 0.1 0.1
300 0.99 0.5 0.3

0.999 0.9 1.0
1.0

Note: �J,max is the maximum of 0.2/[Re(1 � �PR)] and 0.3/[2(L/h)(1 �
�PR)].

Figure 3. CFD predictions (points) of � vs. � for R � 1.0,
�P � 0.0, and the dimensionless numbers (Re,
Sc, L/h, �J) listed in Table 1, together with
empirical correlations.
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channel dimensions. Because these experimental parameters
are closely related to �J, they allowed the identification of
a meaningful range of variation for �J. For typical operating
conditions of NF/RO single channels: Rep0 � 0.2 and �0 �
0.3, thus �J,max was assigned to the maximum of 0.2/
[Re(1 � R�P] and 0.3/[2(L/h)(1 � R�P], as derived in
Appendix C.

The CFD simulations run for a set of fixed parameters, that
is, h � 2 mm, 	 � 10�3 Pa�s, � � 103 kg/m3, �A0 � 1.0 kg/m3,
�P � 106 Pa, and P0 � 106 Pa (relative pressure), whereas the
remaining parameters—u0, DAB, L, R, b, and Lp—were varied
to match the dimensionless numbers listed in Table 1.

Results

Figure 3 displays the CFD predictions (points) of � vs. �,
for R � 1.0, �P � 0.0,** and the values of Re, Sc, L/h, and �J

shown in Table 1. Sh0 was calculated by the well-known
Lévêque correlation: Sh0 � 1.47(ReSc h/L)1/3 (developed by
Lévêque18 and experimentally validated by Pickett and Stan-
more19). The correction factor to obtain Sh at high mass-
transfer rates, � � Sh/Sh0, is clearly just a function of � �
Pe/Sh0. Equation 13 was fitted to the CFD predictions by
minimizing the maximum relative deviation of �. The rela-
tionship determined, � � � � (1 � 0.58�1.6)�0.9, fits the CFD
predictions very well with a maximum error of 5.9% and an
average error of 1.8%.

The CFD predictions (points) of �� vs. �, for R � 1.0 and �P

� 0.0, are shown in Figure 4. The average concentration
polarization index �� is solely correlated with �, as well. The
relationship � � � � (1 � 0.58�1.6)�0.9 (Figure 4, curve 1)
adequately fits the CFD predictions of �� with a maximum error
lower than about 6% for � � 4; however, the error steeply
increases for � 
 4. At first sight, this relationship should fit
well the CFD predictions of �� for any � because it fits the CFD

predictions of � very well. The reason for this unexpected
discrepancy results from the fact that Eq. 14 for R � 1, that is,
�� � 1/(�/� � 1), strongly magnifies the relative error of �/�
as � increases and �/� 3 1. To overcome this problem,
another relation �(�) was determined by minimizing the max-
imum relative deviation between �� predicted by CFD and
computed by Eq. 14, yielding a maximum error of 14% and an
average error of 3.6% (Figure 4, curve 2):

� � � � �1 � 0.26�1.4	�1.7 (23)

This relationship was also plotted in Figure 3 and a perfect
matching with CFD predictions (points) was observed, as well.

The mass-transfer correction factor �, determined for R � 1.0
and �P � 0.0 (Eq. 23), is also adequate to predict �� for the

** The condition �P � 0 corresponds to the permeation of an extremely dilute
solution, the osmotic pressure of which is practically null, and thus the local perme-
ation flux is nearly constant along the channel.

Figure 4. CFD predictions (points) of �� vs. � for R � 1.0,
�P � 0.0, and the dimensionless numbers (Re,
Sc, L/h, �J) listed in Table 1, together with
empirical correlations.

Figure 5. Comparison of �� predicted by Eq. 23 with the
CFD predictions (points) for �P � 0.0, 0.10 ≤
R ≤ 0.99, and the dimensionless numbers (Re,
Sc, L/h, �J) listed in Table 1.

Figure 6. Comparison of �� predicted by Eq. 23 with the
CFD predictions (points) for R � 1.0; �P � 0.01,
0.1, and 0.9; and the dimensionless numbers
(Re, Sc, L/h, �J) listed in Table 1.
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remaining values of R and �P displayed in Table 1: 0.10 
 R 

0.999 and 0.01 
 �P 
 0.9, with a maximum error of 18% and
an average error of 3.2%. The data of �� predicted by CFD and
computed by Eqs. 14 and 23 are plotted in Figure 5, for �P � 0.0
and 0.10 
 R 
 0.99, and in Figure 6 for R �1.0 and �P � 0.01,
0.1, and 0.9. An excellent agreement is observed in both figures,
suggesting that the mass-transfer correction factor, �(�), may be
determined for other NF/RO systems solely based on CFD pre-

dictions or experimental data determined for R � 1.0 and �P �
0.0 (permeation of dilute solutions through ideal selective mem-
branes).

Discussion

As mentioned earlier, the relationship �(�) that fitted the
CFD predictions of �� for R � 1.0 and �P � 0.0 is also suitable

Table 2. Mass-Transfer Correlations for UF/RO Rectangular, Tubular, and Radial Crossflow Cells: (a) De and Bhattacharya5

and (b) Minnikanti et al.6

Flow Regime and System
Geometry

Theoretical Mass Transfer
Correlation without Suction

Theoretical Mass-Transfer
Correlation with Suction

Approximate Mass-Transfer Correlation
with Suction

Laminar flow(a)

Rectangular crossflow cell Shde
0 � 1.85(RedeSc de/L)1/3

Shde � 2.381
�RedeSc de/L	1/3

I
,

where

I ��
0

�

exp��
�3

3
� 0.42���d�

and

� �
Pe

�RedeSc de/L	1/3

Shde � Shde
0 (1.0 � 0.32� � 0.02�2

� 8.05 � 10�4�3), for � � 10

Tubular module Shd
0 � 1.62(RedSc d/L)1/3

Shd � 1.5
�RedSc d/L	1/3

I
,

where

I ��
0

�

exp��
8�3

9
�

2

3
���d�

and

� �
Pe

�RedSc d/L	1/3

Shd � Shd
0(1.0 � 0.37� � 0.03�2 �

1.05 � 10�3�3), for � � 10

Radial cross-flow cell* Shh
0 � 1.467(RehSc h/R)1/3

Shh � 2.381
�RehSc h/R	1/3

I
,

where

I ��
0

�

exp��
�3

6
� 0.42���d�

and

� �
Pe

�RehSc h/R	1/3

Shh � Shh
0(1.0 � 0.41� � 0.03�2 �

1.25 � 10�3�3), for � � 10

Turbulent flow(b)

Tubular module or
rectangular cell

Shde
0 � 0.275(Rede

1.75Sc de/L)1/3

Shde � 0.354
�Rede

1.75Sc de/L	1/3

I
,

where

I ��
0

�

exp��
�3

3
� 2.82���d�

and

� �
Pe

�Rede
1.75Sc de/L	1/3

Shde � Shde
0 (1.0 � 2.621� �

0.443�2 � 8.73 � 10�2�3 �
8.833 � 10�3�4 � 4.417 �
10�4�5 � 8.676 � 10�6�6) for �
� 15

Radial crossflow cell** Shde
0 � 0.22(Rede

1.75Sc de/R)1/3

Shde � 0.2832
�Rede

1.75Sc de/R	1/3

I
,

where

I ��
0

�

exp��
�3

3
� 3.53���d�

and

� �
Pe

�Rede
1.75Sc de/R	1/3

Shde � Shde
0 (1.0 � 3.415� �

0.483�2 � 7.77 � 10�2�3 �
10.0 � 10�3�4 � 5.06 � 10�4�5

� 10.0 � 10�6�6) for � � 15

Notes: L is the length of the slit or tube, R is the radius of the radial cell, de is the equivalent diameter (4 � ratio of the cell volume to the wetted surfaces area),
h is half of the radial cell height. Sh and Re subscripts refer to their characteristic dimensions.
* The characteristic velocity in Re is the average velocity at the radial cell outlet.
**The characteristic velocity in Re is the radial average of the mean velocity along the radial cell.
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to predict �� for 0.10 
 R 
 0.999 and 0.01 
 �P 
 0.9. This
fact suggests that the average concentration polarization index
for a given membrane module can be determined based on a
mass-transfer correlation at low mass-transfer rates (Sh0) and a
correction factor �, which is just a function of �.

A mass-transfer correction factor was first derived by Ack-
ermann20 and Colburn and Drew,21 by using the film theory:
� � � � �/[exp(�) � 1], as quoted by Krishna.22 The film
theory matches the CFD predictions of � very well indeed
(Figure 3).† However, it matches the CFD predictions of �� only
for � � 1 (Figure 4, curve 3), the error increasing to roughly
15% at � � 1, that is, the film theory is definitely inadequate
to predict �� for � 
 1. In any case, claiming that the film
theory cannot predict the concentration polarization index in
NF/RO systems5,6,23 is not entirely correct. Despite its simplic-
ity, the film theory is suitable for design purposes as long as
� � 1 (low suction).

To validate the hypothesis that �(�) is independent of the
membrane module geometry and flow regime, the mass-trans-
fer correlations of Sh at low and high mass-transfer rates
developed by De and Bhattacharya5 and Minnikanti et al.6 for
several module geometries and flow regimes (Table 2) were
analyzed. The Sh theoretical mass-transfer correlations with
suction were derived for pressure-driven membrane processes
and binary solutions by solving analytically the solute transport
equation, and assuming steady state, fully developed flow,
constant physical properties and ideal membranes (R � 1).
Because these theoretical correlations require the numerical

calculation of an integral expression, those authors5,6 opted for
Sh polynomial approximations instead.

Based on the Sh theoretical mass-transfer correlations with
suction,5,6 we derived the corresponding � expressions (Table
3). Surprisingly, the analytical equations of � (Eqs. 24–28) are
very similar. As a matter of fact, these equations are distinct
approximations of Eq. 34, the latter of which was also derived
in this work right from the beginning for the five systems by a
strict mathematical handling (with the help of the software
Maple V Release 5.1), without making numerical approxima-
tions of the coefficients as did De and Bhattacharya5 and
Minnikanti et al.6:

� �
1

�
0

�

exp��
8�3�3

243�3�2/3	
�3 � ���d�

�
1

�
0

�

exp��0.71207�3 � ��	d�

(34)

where � is the gamma function. Equation 34 confirms that the
mass-transfer correction factor � depends only on �, and it is
independent of the membrane module geometry and flow re-
gime.

Figure 7 compares �� data predicted by Eqs. 23 (semiempiri-
cal correction factor determined in this work, curve 1), 34
(theoretical correction factor, curve 2), and 29–33 (approxi-
mate correction factors, curves 3–7). Equations 23 and 34

† Bird et al.13 considered “high mass-transfer rates” whenever the magnitude of �
is 
1 and reported studies for 1 � � � 10. The present study focused on a broader
range: 1 � � � 21 (Figure 3).

Table 3. Mass-Transfer Correction Factors Derived from the Mass-Transfer Correlations in Table 2*

Flow Regime and
System Geometry

Analytical Equation with Numerical
Coefficients Eq. Approximate Mass-Transfer Correction Factor

Validity
Range Eq.

Laminar flow

Rectangular cell � �
0.99983

�
0

�

exp��0.71058�3 � ��	d�

(24)
� � 1.0 � 0.592� � 0.06845�2 � 5.097 �

10�3�3
� � 5.4 (29)

Tubular module � �
0.999546

�
0

�

exp��0.70562�3 � ��	d�

(25)
� � 1.0 � 0.5994� � 0.078732�2 � 4.4641

� 10�3�3
� � 6.2 (30)

Radial cell � �
1.00002

�
0

�

exp��0.71254�3 � ��	d�

(26)
� � 1.0 � 0.60147� � 0.064563�2 �

3.9464 � 10�3�3
� � 6.8 (31)

Turbulent flow
Tubular module or
rectangular cell

� �
0.99829

�
0

�

exp��0.71471�3 � ��	d�

(27)
� � 1.0 � 0.72078� � 0.033502�2 �

1.8156 � 10�3�3 � 5.0517 � 10�5�4 �
6.94690 � 10�7�5 � 3.75246 � 10�9�6

� � 54.5 (32)

Radial cell � �
0.99969

�
0

�

exp��0.71169�3 � ��	d�

(28)
� � 1.0 � 0.7513� � 0.023377�2 � 8.2735

� 10�4�3 � 2.34256 � 10�5�4 �
2.60774 � 10�7�5 � 1.1338 � 10�9�6

� � 68.2 (33)

Note: The equations and validity ranges presented here were derived through the substitution of Sh and � by � and �, respectively, in the corresponding equations
and validity ranges shown in Table 2.
*From De and Bhattacharya5 and Minnikanti et al.6
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predict similar �� data for � � 20; however, the deviation
between them increases to roughly 30% for � � 20. Equation
34 underestimates �� because the underlying model takes a few
assumptions not mandatory for the CFD model, such as linear
velocity distribution u(y) and negligible longitudinal variation
of the diffusive flux, for example. The mass-transfer correction
factor determined in this work (Eq. 23) should be used for mem-
brane module design because it results from a more accurate
model than those developed by De and Bhattacharya5 and Min-
nikanti et al.6 (Eqs. 24–28, Table 3). On the other hand, not one
of the polynomial approximations of � (Eqs. 29–33, Table 3) is
valid for predicting �� for the whole range of � shown in Figure 7
(� � 20) and their validity ranges should be revised.

Conclusions

In the present work, a generalized mass-transfer correction
factor � was obtained to correct mass-transfer coefficients at
impermeable walls and low mass-transfer rates, found to be inde-
pendent of the membrane module geometry and the flow regime:
� � � � (1 � 0.26�1.4)�1.7 with � � Pe/Sh0. Unlike the
correction factors available in the literature, it accurately predicts
the average concentration polarization index for � � 20.

Because � appears to be independent of the module geom-
etry and the flow regime, to predict the average concentration
polarization index for the design and optimization of new
membrane modules with complex geometries, only a suitable
correlation of Sh0 � f (Re, Sc, dimensions ratio) must be found
and corrected by the mass-transfer correction factor developed
in the present work.

Notation

b � parameter: � � b�A, Pa m3 kg�1

c1, c2, c3 � positive fitting parameters
DAB � mass diffusivity, m2/s

h � channel height, m
jAm � local back-diffusion flux of solute A normal to the mem-

brane surface, kg m�2 s�1

j�Am � average back-diffusion flux of solute A normal to the mem-
brane surface between x � 0 and x � L, kg m�2 s�1

Jv � local permeate volumetric flux (or local permeate velocity),
m/s

J� v � average permeate volumetric flux (or average permeate
velocity), m/s

Jv0 � permeate volumetric flux at the channel inlet, m/s
k� � average mass-transfer coefficient, m/s
L � channel length, m

Lp � pure water hydraulic permeability, m s�1 Pa�1

nAm � local mass flux of solute A at the membrane surface with
respect to stationary axes, kg�m�2 s�1

nAp � local mass flux of solute A in the permeate stream with
respect to stationary axes, kg�m�2 s�1

P � hydraulic pressure, Pa
P* � dimensionless hydraulic pressure
P0 � hydraulic pressure at the channel inlet, Pa
Pe � average permeation Peclet number, Pe � J� vh/DAB

R � intrinsic rejection, R � (�Am � �Ap)/�Am

Robs � average observed rejection, Robs � (�A0 � �� Ap)/�A0

Re � Reynolds number at the channel inlet, Re � �u0h/	
Rep0 � permeation Reynolds number at the channel inlet, Rep0 �

�hJv0/	
Sc � Schmidt number, Sc � 	/(�DAB)
Sh � average Sherwood number, Sh � k�h/DAB

Sh0 � Sherwood number for vanishing mass-transfer rates at im-
permeable walls

u � crossflow velocity, m/s
u* � dimensionless crossflow velocity, u* � u/u0

u0 � average crossflow velocity at the channel inlet, m/s
v � velocity normal to the membrane surface, m/s

v* � dimensionless velocity normal to the membrane surface, v*
� v/u0

W � channel width, m
x � distance to the channel inlet, m

x* � dimensionless distance to the channel inlet, x* � x/h
y � distance to the channel axis, m

y* � dimensionless distance to the channel axis, y* � y/h

Greek letters

�0 � water recovery rate at the channel inlet, �0 � 2Jv0L/(u0h)
�P � transmembrane pressure, Pa

� � ratio of the permeation Peclet number to the Sherwood
number for vanishing mass-transfer rates at impermeable
walls, � � Pe/Sh0

� � gamma function
�� � average concentration polarization index, �� � (�� Am �

�A0)/�A0

� � integration variable in Eq. 34
	 � dynamic viscosity, Pa�s
� � osmotic pressure, Pa

�0 � osmotic pressure at the channel inlet, Pa
�P � dimensionless osmotic pressure, �P � �0/�P
�J � dimensionless pure water flux, �J � Lp�P/u0

� � correction factor by which Sh0 must be multiplied to obtain
Sh at high mass-transfer rates, � � Sh/Sh0

� � density, kg/m3

�A � mass concentration of solute A, kg/m3

�*A � dimensionless mass concentration of solute A, �*A � �A/�A0

�A0 � mass concentration of solute A in the feed stream, kg/m3

�Am � mass concentration of solute A at the membrane surface,
kg/m3

�� Am � permeate flux-average mass concentration of A at the mem-
brane surface, kg/m3

�Ap � mass concentration of solute A in the permeate stream,
kg/m3

�� Ap � permeate flux-average mass concentration of A in the per-
meate stream, kg/m3

� � function in Eqs. 12 and 13, � � � � {1/[1 � �(�)]c1}, with
�(�) � c2�c3

Figure 7. Comparison of �� predicted by Eq. 23 (semiem-
pirical correction factor determined in this
work), Eq. 34 (theoretical correction factor),
and Eqs. 29–33 (approximate correction fac-
tors), for R � 1.0.
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Appendix A: Permeate Flux-Averages

The local mass flux of solute A at the membrane surface nAm

is related to jAm as13

nAm � Jv�Am � jAm (A1)

where Jv is the local permeate flux and jAm is the local back-
diffusion flux of solute A. Assuming unhindered transport of
the solute in the permeate side, at steady state, nAm equals the
local mass flux of solute A in the permeate, nAp, given by

nAp � Jv�Ap (A2)

The permeate flux-average mass concentration of A at the
membrane surface, �� Am, is defined as

�� Am �

�
0

L

Jv�Amdx

�
0

L

Jvdx

(A3)

Assuming that the intrinsic rejection R is independent of x,
the permeate flux-average mass concentration of A in the
permeate stream, �� Ap, is given by

�� Ap �

�
0

L

Jv�Apdx

�
0

L

Jvdx

�

�
0

L

Jv�1 � R	�Amdx

�
0

L

Jvdx

� �1 � R	�� Am

(A4)

On the other hand, the permeate flux-average back-diffusion
flux of A, j�Am, is

j�Am �
1

L �
0

L

jAmdx � �
1

L �
0

L

Jv��Am � �Ap	dx

� �

�
0

L

Jvdx

L

�
0

L

Jv��Am � �Ap	dx

�
0

L

Jvdx

� �J�v	�0

L

Jv�Amdx

�
0

L

Jvdx

�

�
0

L

Jv�Apdx

�
0

L

Jvdx 
 � �J�v���Am � ��Ap	

(A5)

Appendix B: Dimensionless Analysis

By inserting the dimensionless variables x* � x/h, y* � y/h,
u* � u/u0, v* � v/u0, �*A � �A/�A0, and P* � (P � P0)/(�u0

2),
the differential Eqs. 15–18 become
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�u*

� x*
�

�v*

� y*
� 0 (B1)

u*
�u*

� x*
� v*

�u*

� y*
� �

�P*

�x*
�

1

Re ��2u*

�x*2 �
�2u*

�y*2� (B2)

u*
�v*

� x*
� v*

�v*

� y*
� �

�P*

�y*
�

1

Re ��2v*

�x*2 �
�2v*

�y*2� (B3)

u*
��*A
� x*

� v*
��*A
� y*

�
1

Re Sc ��2�*A
�x*2 �

�2�*A
�y*2� (B4)

and the boundary conditions (Eqs. 19–22) become
● at y* � 1/2 and x* 
 0

u* � 0 v* � �J�1 � R�P�*Am	

��*A/� y* � Re ScRv*�*Am (B5a,b,c)

● at y* � 0 and x* 
 0

�u*/� y* � 0 v* � 0 ��*A/� y* � 0

(B6a,b,c)

● at x* � 0 and 0 � y* � 1/2

u* �
3

2
�1 � �2y*	2
 v* � 0 �*A � 1 P* � 0

(B7a,b,c,d)

● at x* � L/h and 0 � y* � 1/2

�u*/� x* � 0 �v*/� x* � 0 ��*A/� x* � 0

(B8a,b,c)

where Re � �u0h/	 is the Reynolds number, Sc � 	/(�DAB) is
the Schmidt number, �J � Lp�P/u0 (dimensionless pure water
flux), and �P � �0/�P (dimensionless osmotic pressure).

Appendix C: Maximum Limits of �J

For typical operating conditions of NF/RO single channels:

Rep0 �
�hJv0

	

 0.2N Jv0 


0.2	

�h
(C1)

�0 �
�flow rate	permeate

�flow rate	feed
�

2LWJv0

hWu0
�

2Jv0L

u0h

 0.3N

Jv0

u0



0.3h

2L

(C2)

On the other hand, according to Eq. B5b and bearing in mind
that �*Am � 1 at the membrane inlet edge (y* � 1/2, x* � 0):

v* �
Jv0

u0
� �J�1 � R�P	 N �J �

Jv0/u0

1 � R�P
(C3)

Substituting Eqs. C1 and C2 into Eq. C3 yields the maxi-
mum limits of �J:

�J 


0.2	

�hu0

1 � R�P
�

0.2

Re�1 � R�P	
(C4)

�J 


0.3h

2L

1 � R�P
�

0.3

2L/h�1 � R�P	
(C5)
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